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In this article a formulation of Covariant Canonical Quantization (CCQ) is presented, which works
on an extended Hilbert space and reduces to conventional canonical quantization when constraining
to the mass-shell a priori. From the formal point of view it may be seen as a formalism between
the canonical operator and the functional integral approach. A covariant number operator and two
symmetric vacua are constructed, which lead to convergent quantities. It is then discussed how the
quantum field theoretical divergences like the vacuum energy arise a posteriori when a spacetime
split is performed. This is important for a better understanding of the renormalization limits, which
so far lack a satisfying explanation.
I. INTRODUCTION
In textbooks on canonical quantization it is sometimes claimed that removing redundant degrees of freedom in the
operators, e. g. by gauging away the temporal Maxwell field component A0, would not change the description, but
it does ! In the path integral formalism the classical path is only the dominant mode and so it seems unsatisfying to
restrict the quantum system to this mode right from the beginning. In gauge theories the “covariant approach” is
an established method, but still only covers the gauge freedom. This formulation goes one step further and already
impacts simple matter fields. Because the integration over all field configurations in the functional integral formalism
is horrible from a mathematical point of view, the aim of this article is to construct a manifestly covariant operator
theory and show how the canonical formulations are recovered when performing subtle reductions. Thereby, important
physical properties can be uncovered which are otherwise hidden. The LSZ formula is rederived as an on-shell limit,
and the zero-point or vacuum energy turns out to be “hidden” in a covariant number operator and becomes
infinite as soon as a spacetime split is performed.
The word “covariant canonical quantization” has also been used in other contexts. The book [1] contains an extensive
collection of the operator formalism in quantum field theory with a focus on gauge theory; the method studied here
is still something else. In [2] a bracket is constructed that is built directly from the action and without reference to a
certain phase space; here we go rather the opposite way. In [3] this phrase is used to name an alternative quantization
rule with which the Dirac equation is derived as a byproduct, but which deviates from conventional quantization for
parameter spaces with dimension d > 1. One should also mention [4] where a similar result emerged that the vacuum
energies were first of all vanishing and only in the end acquired the usual infinite values by means of a metaplectic
correction. This already comes close to the ideas employed here.
In the following, the procedure of Covariant Canonical Quantization (CCQ) is outlined. The limits to the
conventional theory are shown and some implications are discussed. The reader should be aware that several quantities
are denoted with the same letters like in standard canonical quantization, they are indeed analogous, but they are
not necessarily equal.
2II. COVARIANT CANONICAL QUANTIZATION
A. Quantization postulate
In the simplest version of canonical quantization, a real scalar field φ is promoted to an operator φˆ and Fourier
expanded as
φˆ(x) =
∫
1
(2π)4
ˆ˜
φ(k)e−ikµx
µ
d4k. (1)
(Natural units ~ = c = 1 are employed and the metric convention is (+,−,−,−).) The usual formulations, see e. g.
[5–8], now insert this into the Klein-Gordon equation and, therefore, receive a split of the coefficients in terms of
“creation” and “annihilation” operators. This means that they work on the space of solutions of the field equation,
which is unsatisfying as this incorporates classical information into the quantum field right from the beginning. Of
course, the conventional theory is equally valid, but some peculiarities like sudden infinities lack a proper limit, which
would justify the renormalization limits. The approach here uses an unrestricted Hilbert space and in the end the off-
shell modes will be forced to vanish, much like the covariant treatment of gauge theories. In those cases an additional
layer is opened up, namely
Hreal ⊂ Hphys ⊂ Htotal.
In comparison with the functional integral formalism, the mathematical complexity of integration over all fields can be
omitted. Instead, the information is fully contained in the commutators of the operators. They describe all particles,
including the “virtual” ones, but in the end only the “real” ones will contribute to the observables.
Because the concrete Lagrangian of the system is ignored at the beginning, φ shall simply be called a “real scalar
field” rather than a “Klein-Gordon field”. It can easily be extended to complex and spinorial fields and such work is,
in fact, in progress. However, here we outline the principles of the process only; this suffices for the present work.
The point of departure from “standard” quantization is to take the commutators as the fundamental postulates. In
order to recover the usual results, one nonetheless has to impose the usual “mass-shell condition” for the commutator
of the Fourier modes: [
ˆ˜
φ(k),
ˆ˜
φ(k′)
]
!
= (2π)5δ(4)(k + k′)δ(kµk
µ −m2) sign(k0). (2)
The prefactor is a normalization convention. The term sign(k0) distinguishes the time direction, thus making the
commutator well-defined, as it must be anti-symmetric:[
ˆ˜
φ(k),
ˆ˜
φ(−k)
]
= −
[
ˆ˜
φ(−k), ˆ˜φ(k)
]
.
The presence of the 0-component of the 4-momentum in sign(k0) restricts the invariance of (2) under Lorentz trans-
formations to orthochronous ones.
Fourier-reverse transformed, (2) is nothing else than the general covariant field commutator. It also hints towards
the Klein-Gordon equation as off-shell components commute with each other and so can be seen as commuting “c-
numbers”. When these are set to 0, i. e. the Hilbert space is restricted to Hreal directly, it reduces to conventional
canonical quantization. It is not meant to provide alternative physics, it is a technical subtlety and offers a more
fundamental explanation, from the quantum level up, rather than the other way round. It is already known from
quantum mechanics that for relativistic systems one has to embed the motion into an extended phase space to get
a well-defined global formulation of the problem and then constrain to the mass-shell and this leads to the correct
Klein-Gordon instead of the Schro¨dinger equation [9, 10].
B. Covariant particle creation and annihilation
For a meaningful particle interpretation it is useful to split the Fourier expansion (1) as follows:
φˆ(x) =
∫
1
(2π)4
ˆ˜
φ(k)e−ikµx
µ
d4k
=
∫
1
(2π)4
(
1
2
ˆ˜
φ(k)e−ikµx
µ
+
1
2
ˆ˜
φ(−k)eikµxµ
)
d4k
=
∫
1
(2π)4
(
aˆ(k)e−ikµx
µ
+ aˆ†(k)eikµx
µ
)
d4k,
(3)
3where we defined the covariant creation operator
aˆ†(k) :=
1
2
ˆ˜
φ(−k), (4)
and the covariant annihilation operator
aˆ(k) :=
1
2
ˆ˜
φ(k), (5)
including on-shell and off-shell particles. It can readily be seen that they are not independent of each other. Their
commutator
[aˆ(k), aˆ†(k′)] =
(2π)5
4
δ(4)(k − k′)δ(kµkµ −m2) sign(k0) (6)
has the expected sign in the energy-momentum-δ, justifying the shape of the commutator (2).
Furthermore, define the covariant number operator
Nˆ(k) :=
4
(2π)5
aˆ†(k) aˆ(k). (7)
This operator generates a Fock space as the product of eigenstates |nk〉 of Nˆ(k). We set
Nˆ(k)|nk〉 =: (δ(4)(0)− δ(4)(2k)) δ(kµkµ −m2) sign(k0)nk|nk〉. (8)
Of course, it now needs to be shown that the operators aˆ† and aˆ do really act as “creation” and “annihilation”
operators. It is already clear from the definition that they are a mix of the respective on-shell operators and so Nˆ(k)
has contributions of two “creation” resp. two “annihilation” operators depending on the 4-momentum, but this does
not yet mean much for its spectrum. It is straightforward to calculate
Nˆ(k)aˆ†(k)|nk〉 = aˆ†(k)Nˆ(k)|nk〉+ [Nˆ(k), aˆ†(k)]|nk〉
= (δ(4)(0)− δ(4)(2k))δ(kµkµ −m2) sign(k0)(nk + 1)aˆ†(k)|nk〉
(9)
and
Nˆ(k)aˆ(k)|nk〉 = aˆ(k)Nˆ(k)|nk〉+ [Nˆ(k), aˆ(k)]|nk〉
= (δ(4)(0)− δ(4)(2k))δ(kµkµ −m2) sign(k0)(nk − 1)aˆ(k)|nk〉.
(10)
In other words, nk allows in fact for an interpretation as “particle number” that counts particles with 4-momentum k
on mass-shell. Creation operators effectively become annihilation operators and vice versa for negative energy states.
The Dirac δ’s in front are only a formality; in discretized spacetime they are 1 at 0 and 0 otherwise. But for massless
particles at rest (k = 0) they tell us that nothing happens: the particle number loses its meaning, which is intuitively
clear as there is nothing but a non-existing particle. (From the mathematical point of view the “densitized” operators
should be understood as the spectrum of the total number operator
Nˆtot :=
1
2π
∫
φˆ(x)2d4x =
∫
Nˆ(k)d4k
and the preceding δ(4)(0) cancels out. Nonetheless, the above number operators shall be used in the following, with
the same convenience as already in conventional canonical quantization.)
C. Vacuum and energy split
A special feature of these operators is their complete symmetry. But this is incompatible with
|1 · k〉 ∝ aˆ†(k)|0〉 = aˆ(−k)|0〉 = 0.
So the symmetry has to be broken at this point. This suggests that the (real) vacuum |0〉 has to be defined as the
state where the application of the annihilation operator with positive energy leads to a 0, which is equivalent to the
action of the creation operator with negative energy:
Θ(k0)aˆ(k)|0〉 := 0 ⇐⇒ Θ(−k0)aˆ†(k)|0〉 := 0 ∀k. (11)
4Thereby, the standard vacuum will be recovered. But one should keep in mind that there is still another Fock space
consisting of “anti-particles” that is built by the restriction on negative energies with an “anti-vacuum” |0−〉.
The same reasoning can be applied directly to the particle operators. The results from (9) and (10) show that real
quantities should be defined as constrained on the upper mass-shell. Define Ek :=
√
k · k+m2. The real creation
operator thus is ∫
aˆ†(k)δ(kµk
µ −m2)Θ(k0)dk0 =
∫
aˆ†(k)
2Ek
δ(k0 − Ek)dk0 = aˆ
†(k, Ek)
2Ek
(12)
and the real annihilation operator is∫
aˆ(k)δ(kµk
µ −m2)Θ(k0)dk0 =
∫
aˆ(k)
2Ek
δ(k0 − Ek)dk0 = aˆ(k, Ek)
2Ek
. (13)
These are the operators usually encountered in canonical quantization.
III. PARTICLE PROPAGATION
An interesting observation is that the time-ordering, denoted T (·), can alternatively be expressed with the two
vacua, so the Feynman propagator reads
∆F (x − y) := −i〈0|T (φˆ(x)φˆ(y))|0〉
= −i
(
(Θ+〈0|+Θ−〈0−|)φˆ(x)φˆ(y)(Θ+|0〉+Θ−|0−〉)
)
[
=
1
(2π)4
∫
1
kνkν −m2 + iǫe
−ikµ(x
µ−yµ)d4k
]
,
(14)
where Θ+ := Θ(x
0 − y0) and Θ− := Θ(y0 − x0). It is an explicitly covariant quantity and here covariance never has
to be given up, as opposed to conventional canonical quantization where this has to be compensated again by an
artificial time-ordering.
One might also ask for a covariant S-matrix, in analogy to be defined by
S := 〈k1, . . . , km; out|l1, . . . , ln; in〉 (15)
with whole 4-momenta ki and lj . To define the in- and out-states in a way that the S-matrix reduces to the
conventional one for on-shell momenta, one has to introduce a further “time-like” parameter. This is the price to pay
when working with a Hilbert space defined on the total configuration space. (We do not elaborate on the philosophical
implications of that, there is plenty of literature about a “second time”.) In general, a time-independent operator is
made time-dependent via the Heisenberg equation or a time-evolution operator of
Uˆ(t0, t1) = T
(
exp
(
−i
∫ t1
t0
Hˆ(t)dt
))
.
In the covariant formalism the principle stays the same, but the required Hamiltonian is now the parametrized one
like in [9], which essentially represents the mass-shell condition. This leads to
aˆ
†
out/in(k) := lims→±∞
aˆ†(k, s) := lim
s→±∞
aˆ†(k)e−i(kµk
µ−m2)s. (16)
A key relation to calculate is then the difference between the in- and out-creation operator:
ζ†(k) := aˆ†in(k)− aˆ†out(k) = −
∫ ∞
−∞
∂saˆ
†(k, s)ds
= −
∫ ∞
−∞
∂s
(
aˆ†(k)e−i(kµk
µ−m2)s
)
ds
= i(kµk
µ −m2)aˆ†(k)2πδ(kνkν −m2)
=
i
2(2π)3
∫
(kµk
µ −m2)φˆ(x)e−ikξxξδ(kνkν −m2)d4x
=
i
2(2π)3
∫
φˆ(x)(∂µ∂
µ −m2)e−ikξxξδ(kνkν −m2)d4x
=
i
2(2π)3
∫
e−ikξx
ξ
(∂µ∂
µ −m2)φˆ(x)δ(kνkν −m2)d4x.
(17)
5(The last line used integration by parts; the surface term can be argued away like in the standard formulation.)
Observe the additional δ-function in here (which in the free theory makes the whole expression vanish). It illustrates
the distinction to the canonical formalism: There one effectively “divides out” the δ-function. This shows why there
are the renormalization issues; since the core formula is calculated by dividing by∞, it comes at no surprise that this
∞ reappears in the numerator.
To make the in- and out-modes physical, the limit s → t (parameter time to physical time) has to be taken. So
what has to be calculated in the end can be reduced to (assume k 6= l)
〈k; out|l; in〉 = 〈0|aˆout(k)aˆ†in(l)|0〉
= (Θ+〈0|+Θ−〈0−|)aˆout(k)aˆ†in(l)(Θ+|0〉+Θ−|0−〉)
= (Θ+〈0|+Θ−〈0−|)(aˆin(k)− ζ(k))(aˆ†out(l) + ζ†(l))(Θ+|0〉+Θ−|0−〉)
=
−1
4(2π)6
∫∫ (
∂
∂xµ
∂
∂xµ
−m2
)(
∂
∂yµ
∂
∂yµ
−m2
)
· (Θ+〈0|+Θ−〈0−|)φˆ(x)φˆ(y)(Θ+|0〉+Θ−|0−〉)δ(kνkν −m2)δ(lν lν −m2)eikξx
ξ−ilξy
ξ
d4xd4y
=
−i
4(2π)6
∫∫ (
∂
∂xµ
∂
∂xµ
−m2
)(
∂
∂yµ
∂
∂yµ
−m2
)
∆F (x− y)δ(kνkν −m2)δ(lν lν −m2)eikξx
ξ−ilξy
ξ
d4xd4y.
(18)
From the first to the second line note that the operators are already “time-ordered”, so one can equally well replace
the canonical vacuum with the symmetric one. Then the result from (17) can be used as in a time-ordered product
this is all that remains because the in- resp. out-modes annihilate the opposite vacuum. The final result can be
written according to eq. (14) and indeed reduces to the LSZ reduction formula [11] on-shell.
IV. VACUUM ENERGY
A special feature of the canonical operator theory as opposed to the functional integral formulation is that it
allows to calculate “conserved quantities”. Consider the canonical energy-momentum tensor corresponding to the
Klein-Gordon Lagrangian LKG:
θµν :=
∂LKG
∂ ∂φ
∂xµ
∂φ
∂xν
− ηµνLKG = ∂φ
∂xµ
∂φ
∂xν
− ηµν 1
2
(
∂φ
∂xξ
∂φ
∂xξ
−m2φ2
)
. (19)
According to the Einstein field equations, the (expectation value of the) absolute energy-momentum tensor contributes
to the spacetime dynamics and so it is desirable to calculate its value. As one cannot find a direct expression for its
elements in terms of a number operator, one is forced to integrate out the x-dependence and look at its representation
in momentum space. The instantaneous energy of the field is defined as the space-integral of the 00-component of
this tensor:
E(x0) :=
∫
θ00(x)d
3x. (20)
In this covariant approach, the total energy, i. e. its integral also over time, is the fundamental object. There seems
to be no reason why time should play a preferred role already at this stage, particularly as the instantaneous energy
is not the ultimate quantity in question. The corresponding quantum expression can be expanded in terms of the
covariant creation and annihilation operators:
Eˆtot :=
∫
Eˆ(x0)dx0
=
1
2(2π)8
∫∫∫
(−k0k′0 + kik′i +m2) ˆ˜φ(k) ˆ˜φ(k′)
· e−i(kµ+k′µ)xµd4kd4k′d4x
=
2
(2π)4
∫
(k20 + E
2
k)aˆ
†(k)aˆ(k)d4k
= π
∫
(k20 + E
2
k)Nˆ(k)d
4k.
(21)
6The quadratic dependence on the energy is a bit fallacious as the mass-shell, implicitly contained in Nˆ (compare
eq. (8)), actually reduces its order by 1. To see this explicitly take the trace. By means of the identities for the δ
distribution this gives
Etot :=
∑
n
∫
〈nk|Eˆtot|nk〉d4k
= π
∑
n
∫
(k20 + E
2
k
)(δ(4)(0)− δ(4)(2k))δ(kµkµ −m2) sign(k0)n(k)d4k
= πδ(4)(0)
∑
n
∫
Ek (n(k, Ek)− n(−k,−Ek)) d3k
=: 2πδ(4)(0)
∑
n
∫
Ekn(k)d
3k.
(22)
The last conversion shall be justified by the symmetry aˆ†(k) = aˆ(−k) that creating a particle with negative energy
is like annihilating a particle with positive energy, much like the Feynman-Stu¨ckelberg interpretation [12, 13]. The
symmetry could not hold directly on the state vector level due to some formal reasons, but can be recovered here.
(Otherwise that would not alter the argumentation either.) In this scheme there seems to be no remaining zero-
point energy. This eliminates the (artificial) need for a “normal ordering”. But there is still some arbitrariness in
the representation: Employ a “Weyl ordering” W(·) explicitly for the integrand Eˆtot(k), i. e. the particle operator
contributions are shared equally between terms of positive and negative 4-momentum, then:
W
(
Eˆtot(k)
)
:=
2
(2π)4
(k20 + E
2
k
)(aˆ†(k)aˆ(k) + aˆ(k)aˆ†(k))
=
2
(2π)4
(k20 + E
2
k)(2aˆ
†(k)aˆ(k) + [aˆ(k), aˆ†(k)])
= 2π(k20 + E
2
k
)
(
Nˆ(k) +
1
2
δ(4)(0)δ(kµk
µ −m2) sign(k0)
)
.
(23)
However, it can readily be seen that after (anti-symmetric) integration over k0 the extra term to the right cancels
again. If one additionally restricted the integral to the mass-shell δ(kµk
µ −m2)Θ(k0) right from the beginning, this
would lead to the familiar expression
∫
restr
W (Etot(k)) d
4k = 2πδ(4)(0)
∑
n
∫
Ek
(
n(k) +
1
2
)
d3k. (24)
With other orderings one could create virtually any integration constant. When considering the expression in Fourier
space as the energy density, i. e. the term under the integral, virtually any zero-point value would be admissible. This
is important for alternative theories such as [14], where the vacuum energy density is “weighted” according to the
frequency. There is a principle uncertainty; Heisenberg’s uncertainty principle in quantum mechanics says that
energy and time are not simultaneously perfectly measurable and this is now their “product”. Such an arbitrariness
is also seen in renormalization, where various approaches exist, and the resulting values are always valid only with
respect to the employed renormalization scheme. In fact, it has the same origin that exactly the explicit time-ordering
causes the divergences. In contrast to the canonical approach, here one has to impose some ordering for receiving the
common zero-point energy density, rather than eliminating it. Note a similar statement in [4].
Does this mean that in CCQ there would be no vacuum energy? Actually, the vacuum energy has not been
calculated so far. When the covariant expression for the total energy (21) is applied to the canonical vacuum as
defined in (11), then the vacuum energy after all equals
〈0|Eˆtot|0〉 = 2
(2π)4
∫
(k20 + E
2
k
)
(
Θ(k0)〈0|aˆ†(k)aˆ(k)|0〉
+Θ(−k0)〈0|aˆ(k)aˆ†(k) + [aˆ†(k), aˆ(k)]|0〉) d4k
= π
∫
(k20 + E
2
k
)Θ(−k0)δ(kµkµ −m2) sign(−k0)d4k
= 2π
∫
1
2
Ekd
3k.
(25)
7This is exactly the conventional zero-point energy multiplied by a phase space factor of 2π that resembles the additional
time integration. It comes from what had to be thrown away in definition (11). There is in principle also another
“anti-Fock space” that yields the same zero-point energy, that is why in the calculations before it did not appear.
Considered separately, there are the usual divergences. So this split is a very crucial point and the rationale to
arrive there already indicated that the vacuum is not “empty”, but rather a state of “broken particle-anti-particle
symmetry”.
V. CONCLUSION AND OUTLOOK
This paper outlined the method of Covariant Canonical Quantization with the key features not to restrict to the
mass-shell in the expansion of creation and annihilation operators and to keep space and time on equal footing for
as long as possible. In its mindset this procedure is similar to the functional integral formulation, but stays on the
operator level. Standard canonical quantization can be recovered easily.
In this formulation the divergences of quantum field theory can be recovered as certain limits, which is important
to better understand the renormalization issues, in a search for the right limit. The vacuum energy turns out to
be inherently incorporated in a “covariant number operator” and manifests by explicitly breaking the spacetime
symmetry - as they are physical e. g. in the Casimir effect [15]. But considering it vice versa, this result may impact
the discussion of the cosmological constant problem [16–18]. There are two major ways how to fix the Einstein
equation with quantum field theory
Gµν ≈ 8πGθˆµν : (26)
The left-hand side could be promoted to an operator as well and this is the task of quantum gravity. Another possibility
is that only some expectation value of the right-hand side enters so that general relativity can stay classical. In that
case there is the question which expectation value is to be taken. The canonical vacuum expectation value produces
a cosmological constant 120 orders too big to match observations. But the representation provided here suggests that
it may not be the ultimate answer to this question and perhaps another expectation value has to be taken in that
context that removes the divergence. Anyhow, the vacuum is not diffeomorphism invariant and therefore one must
seek for alternatives in curved spacetime. Since it was shown that such a breaking of symmetry ultimately causes the
vacuum energy, this raises doubt on the physicality of the “cosmological constant problem” in a manifestly covariant
theory. Recently, it was also argued in a more informal way that this vacuum energy is real, but does not contribute
as on the Planck scale there may be no arrow of time [19].
Fields with internal structure like Dirac or Maxwell fields were not covered here. However, similar features will
emerge in a straightforward manner. There are more conserved quantities to be considered, such as the charge
operator, which experience infinite vacuum values, too. With the same argumentation as above, these values can be
interpreted as an inherent part of the covariant number operator and emerge when restricting the vacuum to positive
energy. Another interesting point arising in gauge theories is the gauge fixing and ghost machinery, and ultimately a
quantum theory of gravity. This is to be discussed in the future.
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